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ABSTRACT 


Previously  published  graphic  and  algebraic  methods  of  computing  tha 
mm  number  of  salvos  a  surface-to-air  missile  (SAM)  battery  can  firm 
against  a  crossing  raid  are  reviewed.  Examination  of  ths  nature  of  an 
algebraic  approximation  shows  that  difficulties  arise  when  considering 
targets  which  reach  their  bomb  release  point  after  the  point  of  closest 
approach  to  the  SAM  battery,  or  which  have  low  velocity  with  respect  to 
SAM  velocity.  An  alternative  graphic  method  c’  solution  Is  suggested, 
which  facilitates  locating  Intercept  points  when  investigating  an  engage¬ 
ment  between  a  multi-channel  SAM  battery  and  a  multiple-target  raid. 
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Reference  (a)  preeents  several  convenient  and  widely  used  Methods 
far  estimating  the  firepower  of  a  surface-to-air  missile  (8AM)  battery 
against  air  targets.  C cements  are  offered  here  on  two  of  these:  one 
algebraic  and  one  graphic.  Reference  (a)  develops  formulas  for  calcu¬ 
lating  the  maximum  possible  number  of  missile  salvos  a  SAM  battery  could 
fire  against  a  single  target  (or  point  raid),  for  launcher-limited  and 
for  guidance -limited  cases.  The  solution  given  for  the  launcher-limited 
case  has  general  applicability.  On  the  other  hand,  the  formula  for  the 
case  in  which  the  SAM  ship  is  guidance-vlimited  (or  limited  by  a  "shoot- 
look-ehoot"  firing  doctrine)  is  exact  only  for  the  direct  approach  raid. 

In  other  cases,  an  approximation  is  necessary.  Difficulty  In  choosing 
a  suitable  approximation  can  occur  wbeq  the  SAM  ship  lies  veil  off  the 
raid  track,  when  the  raid  velocity  is  low  with  respect  to  SAM  velocity, 
or  when  the  target  aircraft  reaches  its  bed)  release  point  after  its 
point  of  closest  approach  to  the  BAM  battery.  The  nature  of  these  dif¬ 
ficulties  Is  discussed  in  section  II,  below. 

Reference  (a)  also  suggests  the  possibility  of  graphic  solution  for 
crossing  raids,  using  a  curved  track  for  the  SAM  's  the  x  -  T  plane  (p.88). 
Where  T  is  the  Intercept  Interval  (the  time  between  Intercepts)  and  x  Is 
measured  along  the  raid  track.  However,  use  of  the  x  -  T  plane  prevents 
full  exploitation  of  the  capabilities  of  the  graphic  method  when  consider¬ 
ing  multiple  targets  arriving  In  arbitrary  formation.  Plotting  range  frost 
the  SAM  battery  to  the  target  against  time,  measured  over  the  entire 
engagement  ,  facilitates  analysis  In  more  complex  oases,  and  is  discussed 
In  section  III. 


n.  ALGEBRAIC  SOLUTION:  AH  AFFROXIMATICB 

In  the  discussion  which  follows,  It  Is  assumed  that  the  constraints 
of  the  SAM  system  e^alnst  targets  of  lpteres-  will  determine  nominal  or 
expected  values  for  maximum  and  minimum  eng&g  sent  ranges,  the  time  of 
first  possible  missile  launch  and  of  Inst  possible  Intercept,  launcher 
cycle  and  guidance -channel  switching  times,  and  the  speed  of  the  missile. 

Let  the  time  between  successive  Intercepts  (the  'Intercept  interval") 
be  T  «  a  +  BP,  where  a  and  8  are  constants  characteristic  of  the  SAM  system, 
and  P  is  range  from  the  SAM  battery  at  Intercept  (fijure  1),  In  tea,/ 
guidance -limited  or  ^shoot-look-Bjy^i*  dase,  0  /  '0,  and  the  Intended  , 
Interval  (T)  is  t^^ZSSSsSSL^fTyxi  time  of  the  missile  plus  a  guidance- 
channel  delay  time,  or  an  evaluation  time,  which  say  be  Incorporated  In  a* 

Let  x^  be  the  position  of  the  1th  Intercept  on  the  target  track,  u 
the  target  Bpeed,  and  (xq,  yQ)  the  coordinates  of  the  point  of  closest 
approach  to  the  SAM  ship.  Then, 
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Tram  figure  1,  It  la  ele^r  that 


l,a  +  f/(x(-  xj  ♦  r 


In  eaat  the  SAN  battery  Ilea  on  the  raid  axfa,  yQ  ■  0,  and 

*  -  a  +  8(xt  •  xo)  .  (2 

Using  this  linear  relation,  reference  (a)  derives  a  fornula  for  n, 
the  maximal  number  of  alssile  salvos  which  can  be  fired  against  this 
target: 


^  +  8*^ 
k.a  +  8x 


where  [z]  denotes  the  greatest  integer  not  exceeding  z,  and  x^  and  xq  are 

the  x-coordinatea  of  the  first  and  last  poc Bible  Intercepts  respectively. 
This  formula  Is  exact  If  the  raid  approaches  the  SAM  ship  directly. 
However,  if  the  SAM  unit  Is  located  off  the  raid  axis,  use  of  this  formula 
requires  choosing  an  approximation,  T* ,  tar  T  which  Is  linear  in  x^: 

**  -  «'  ♦  8'x. 
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For  suitable  choices  of  a'  and  0',  then,  reference  (a)  develops  the  follow¬ 
ing  approximation  to  n: 

'  »(M)' 

1  ♦  ^  (i.^v  •  <5> 
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Consider  now  the  c  ire  instances  under  which  such  an  approx  laatlon  Is 


valid.  Equation  (V)  nay  be  rewritten,  if  x^  /  xq,  aa: 

»'  *  >-xi  * « ♦  ,|ji -,f  ^  <« 

/_  «  (x  -  x),  letting  a'  ■  o  •  &*  and  6*  »  0  will  provide  a  good 

o  A-  o  •  O 

approximation.  Then, 


*'  -  a  ♦  e(x1  -  xfl)  .  (7) 

• 

If,  however,  -  xfl)  ~  yQ,  this  approximation  la  unattractive.  The 

reason  for  this  difficulty  becomes  apparent  upoo  examination  of  the  nature 
of  the  function  approximated.  Rewriting  equation  (l) 


This  la  a  hyperbola  in  tha  x^  -  T  plane,  vith  asymptotes 


T  -  a  ♦  8(xt  -  *0)  .  (9) 

Thus,  equation  (7)  approximates  a  hyperbola  by  one  of  ite  asymptotes. 

Figure  2  shows  a  graph  of  equation  (8)  with  its  asymptotes  (equations  (9)). 
Clearly,  approximation  of  a  branch  of  this  hyperbola  by  one  of  lta 
asys.pt Dtes  (or  by  any  other  linear  function)  breaks  down  for  values  of 
x  Dear  x  .  Large  errors  can  occur  if  x,  <  x  :  hence,  the  formula  should 

not  be  used  against  targets  for  which  xn  <  xQ  (or,  for  which  the  "boob 

release  point"  is  reached  after  the  point  of  closest  approach  to  the  SAM 
battery). 


The  usefulness  of  an  approximation  depends  on  the  effect  on  n  of 
errors  In  T.  The  difference  between  the  actual  value  of  n  and  the  value 
Indicated  by  the  approximation  will  depend  on  the  flatness  of  the  hyperbola 
in  tbe  area  of  Interest.  Figure  3  illustrates  a  situation  in  which  using 
the  asymptote  as  an  approximation  would  result  in  an  error  in  n.  Choosing 
a  more  appropriate  linear  approximation  presupposes  considerable  advance 
knowledge.  Furthermore,  different  approximations  may  be  required  for  small 
changes  in  the  tactical  situation,  such  as  a  change  in  tbe  bomb  release 
line.  These  difficulties  arise  if  the  portion  of  the  hyperbola  under  cat' 
side  ration  deviates  significantly  from  tbe  linear.  If  tbe  SAM  ship  lies 
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veil  off  the  raid  track  (yo  large),  the  waxl—  difference  between  the 
hyperbola  and  lte  neareet  asyaptote, 

T  -  T'  -  *y0  (10) 

(vhlch  occurs  when  z  -  xo),-can  be  large  with  respect  to  the  geometry  of 

Interest,  and  hence  cause  difficulty  in  chooelng  a  good  approximation. 
Further,  the  possibility  of  an  error  in  n  is  increased  if  the  slope  of 
the  line  representing  the  target  track  in  the  x  -  T  plane  is  steep.  She 
equation  of  this  line  1st  * 


T  - 


$ 


(11) 


and  the  slope  (~~)  is  the  Inverse  of  target  velocity.  Hence,  care  must 

also  be  exercised  in  selecting  an  approximation  for  use  against  slew-speed 
targets. 


HI.  GRAPHIC  80LUTI0H 

These  difficulties  can  be  avoided  by  solving  for  n  graphically. 

While  the  graphic  solution  using  the  -  T  plana  suggested  in  reference 

(a)  Is  clearly  possible.  It  becomr.s  quite  complicated  if  an  engagement 
Involves  more  than  one  8AM  launcher,  one  guidance  system,  and  one  target. 
Further,  tvo  targets  flying  parallel  tracks  (vith  different  values  of  yQ) 

will  require  different  SAM  hyper bclas .  A  more  convenient  method  of  graphio 
solution,  using  one  graph  for  an  entire  engagement,  is  based  on  the  follow¬ 
ing  observations. 

Consider  a  sirsr.^  time  scale  (t)  on  Vhlch  the  entire  history  of  an 
engagement  may  be  recorded  (rather  then  Just  the  intercept  Interval  (T)). 
Taking  t  ■  0  vhen  p  -  y  ,  the  target  track  is  represented  by  x  -  x  -  ut, 
end,  from  figure  1,  0 

p2  -  yQ2  ♦  (x  -  xQf 

-702+(«t)2  .  (12) 

’Bits  is  the  equation  of  a  hyperbola  in  the  t  -  p  plane .  Only  the 
branch  of  the  hyperbola  for  vhlch  p  is  positive  is  of  interest  (figure  K). 
If  the  raid  passes  over  the  SAM  ship,  y  ■  0,  and  (12)  reduces  to 
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P8  -  <ut)2, 

which  gives  the  asymptotes  of  the  hyperbolae  for  which  jo  jf  0: 

P  »  ♦  ut. 

Suppoee  eeveral  aircraft  attack  at  the  sane  speed  (u).  If  they  fly 
abreast  (wave  attack) ,  they  vlll  differ  only  in  their  crossing  distances, 
yQ,  and  their  tracks  vlll  form  a  family  of  hyperbolas  In  the  t  -  p  plane, 

with  a  cannon  major  axis  and  cootaon  asymptotes  (figure  5).  Similarly,  In 
a  Stream  attack,  In  vhich  the  Intruders  follow  one  another  at  time  inter¬ 
vals  At,  the  hyperbolas  are  of  identical  shape  with  their  major  axes 
parallel  and  At  apart  cn  the  time  scale  (figure  6).  More  complex  formations 
are  represented  by  combinations  of  these  oases. 

If  t^  Is  the  time  of  launch  of  the  1th  missile,  and  the  time  of  flight 
ll  a  +  BP,  then 

T  «■  a  ♦  8P 


Is  a  straight  line  in  the  t  -  p  plane.  The  8AM  salvo  track,  in  the  t  -  p 
plane,  is  the  segment'  of  this  line  originating  on  the  t  -  axis  and  termi¬ 
nating  upon  intersection  with  the  target  track.  The  time  (t^)  of  first 

BAM  salvo  launch  Is  determined  by  such  factors  as  radar  detection  range, 
information  processing  times,  and  maximum  missile  range.  The  slope  of 
the  SAM  track  Is  determined  only  by  SAM  speed.  The  spacing  of  successive 
BAM  salvo  tracks  along  the  t  -  axis  Is  determined  by  launcher  reload  time, 
T^,  or  guidance  system  delay  times,  TQ.  A  family  of  such  segments  repre¬ 
senting  missile  salvos  may  be  compared  with  a  hyperbolic  branch  or  t.  family 
of  hyperbolic  branches  representing  raid  tracks  (figure  7).  The  maximum, 
number  (n)  of  possible  missile  salvos  is  obtained  by  counting  the  nusher 
Of  6AM  salvo  track -target  track  Intersections. 

Rote  that  the  single -tar vet,  launcher-llml tad  or  guidance-limited 
.  engagement  Is  a  special  case  of  the  duel  between  a  SAM  ship  and  a  hostile 
raid.  The  most  general  case  consists  of  multiple  targets,  flying  different 
tracks,  possibly  with  different  velocities,  c cabined  with  both  launcher 
•nd  guidance -channel  limitations.  Typically,  guidance  channel  availabil¬ 
ity  will  govern  firepower  against  targets  at  long  ranges,  while  launcher 
cycle  times  will  limit  the  number  of  salvos  against  targets  at  short  ranges 
(for  which  missile  flight  times  ore  short).  When  the  limiting  factor 
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Target  Track 
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clianges  from  guidance  availability  to  launcher  cycle  tine  during  an 
engagement,  the  formulas  developed  la  reference  (a)  are  not  applicable. 
A  graphic  solution,  such  as  that  aho«e  In  figure  7,  is  possible  In  all 
cases .  The  ' writer  has  found  It  convenient  to  draw  missile  tracks  on 
a  transparent  overlay,  and  to  draw  families  of  raid  tracks  on  graph 
paper.  This  avoids  the  necessity  of  redrawing  raid  curves  for  use  with 
different  SAM  systems,  and  permits  rapid  examination  of  the  effects  of 
variations  In  raid  tactics,  missile  firing  doctrine,  end  equipment. 


Befexeaoe: 
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